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STABILITY FOR REPRESENTATIONS OF HECKE ALGEBRAS OF TYPE A
KUNWANG1, HAITAOMA2 AND ZHU-JUN ZHENG1
ABSTRACT. In this paper we introduce the notion of the stability of a sequence of modules over
Hecke algebras. We prove that a finitely generated consistent sequence associated with Hecke al-
gebras is representation stable.
Keywords: Hecke algebra, representation stability
1. INTRODUCTION
In order to compare the representationsVn of a natural family groupsGn , such as symmetric group
Sn , GLn(Q), SLn(Q), Church and Farb introduced the theory of representation stability in their
paper [1]. The idea is mainly to study the consistent sequence of representationsVn of groupsGn .
LetGn be one of the familiesSn ,GLn(Q), SLn(Q). A sequence ofGn-representations
V0
φ0
−→V1
φ1
−→V2
φ2
−→ ···
is called consistent sequence if for all n ≥ 0 and g ∈Gn , the following diagram
Vn
φn
−−−−→ Vn+1
g
y gy
Vn
φn
−−−−→ Vn+1
is commutative, where each φn is a linear map. A consistent sequence is called representation
stable, if for sufficiently large n, it satisfies:
• Injectivity: The map φn is injective.
• Surjectivity: The span of the image of φn is equal to Vn+1.
• Multiplicities: Decompose Vn into irreducible representations as
Vn =
⊕
λ
cλ,nV (λ)n
with multiplicities 0≤ cλ,n ≤∞. For each partition λ, cλ,n is independent of n.
In order to study the consistent sequence of representations of the symmetric groupsSn over
a commutative ring R , Church, Ellenberg and Farb introduced and developed the theory of F I -
modules in their paper[2], where F I is the category of finite sets and injectivemaps. An FI-module
over a commutative ring R is a functor from the category F I to the category of R-modules. Thus
a sequence of representations of symmetric groups is encoded by a single object F I -module. An
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important result is that a finitely generated F I -module over a field of characteristic 0 can give rise
a consistent sequence which turns out to be representation stable[2].
In [3], Gan and Watterlond researched V I -modules, where V I is the category of finite dimen-
sional vector spaces and injective linear maps. They proved a result about the representation
stability for the family of finite general linear groups GLn(Fq ). That is, a V I -module over an al-
gebraically closed field of characteristic zero is finitely generated if and only if the consistent se-
quence obtained from V is representation stable and dim(Vn)<∞ for each n.
In this paper, we imitate the idea of Church, Ellenberg and Farb [2] to introduce a similar idea for
the family of the Iwahori-Hecke algebras. We prove that a finitely generated consistent sequence
associated with Hecke algebras is representation stable.
2. PRELIMINARIES
Let’s first list some basic results about Hecke algebras and some notations.
Let k be a field of characteristic 0 and q ∈ k which is not a root of unity. The Iwahori-Hecke
algebra(or simply the Hecke algebra) Hn = Hk,q (Sn) of the symmetric group Sn is the unital
associative k-algebra with generators {Ts1 ,Ts2 , . . . ,Tsn−1} and relations
(Tsi −q)(Tsi +1)= 0, for i = 1,2, . . . ,n−1;
TsiTs j = Ts jTsi , for 1≤ i < j −1≤ n−2;
TsiTsi+1Tsi = Tsi+1TsiTsi+1 , for i = 1,2, . . . ,n−2.
We shall denoteH0 =H1 = k.
Supposeσ ∈Sn and let σ= si1 · · · sil be a reduced expression, which means
l =min{m|σ= si1 · · · sim }
and the number l is denoted by l (σ). Denote Tσ := Tsi1 · · ·Tsil
which is an element of the Hecke
algebra Hn . Then Hn is free with k-basis {Tσ|σ ∈Sn}. If σ1 ∈Sn ,σ2 ∈Sn and l (σ1σ2) = l (σ1)+
l (σ2), then Tσ1σ2 = Tσ1Tσ2 .
Let n ∈N. A sequence of non-negative integers λ= (λ1,λ2, · · · ,λm) which satisfies λ1+λ2+·· ·+
λm = n is called a composition of n. A composition λ is called a partition of n when λ1 ≥ λ2 ≥
. . . ≥ λm ≥ 0. Composition(partition) is generally denoted by λ |= n(λ ⊢ n). For each composi-
tion λ of n, the standard Young subgroupSλ of Sn is defined by S{1,2,...,λ1}×S{λ1+1,λ1+2,...,λ1+λ2}×
·· ·×S{λ1+λ2+···+λn−1+1,...,n}. The subalgebraHλ of Hn generated by {Tσ|σ ∈Sλ} is k-free with basis
{Tσ|σ ∈Sλ}. This subalgebra is called Young subalgebra.
Let λ= (λ1,λ2, . . .) be a partition. For any n ≥ |λ|+λ1, the padded partition is defined as:
λ[n] := (n−|λ|,λ1,λ2, . . .),
where |λ| =
∞∑
i=1
λi .
In the case of theHecke algebraHn that we have assumed, the simplemodules of Hecke algebra
can be labelled (up to isomorphism) by the set of all partitions of n. For a partition λ and n ≥
|λ|+λ1, we denote S
λ the corresponding simpleH|λ|-module and set S(λ)n := S
λ[n].
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Definition 2.1. A sequence V = (Vn ,φn)n∈N is called consistent sequence or F IH -module if it sat-
isfies: for all h ∈Hn , the diagram
Vn
φn
−−−−→ Vn+1
h
y τ(h)y
Vn
φn
−−−−→ Vn+1
is commutative, where τ : Hn →Hn+1 is a k-algebra map defined by τ(Tsi ) = Tsi for 1 ≤ i ≤ n−1
and Vn is anHn-module and φn :Vn →Vn+1 is a k-linear map, .
Let V = (Vn ,φn) andW = (Wn ,ψn) be two F IH -modules. Amorphism f = ( fn) from V toW is a
sequence of homomorphisms fn :Vn →Wn for all n ≥ 0 making the following diagram:
Vn
φn
−−−−→ Vn+1
fn
y fn+1y
Wn
ψn
−−−−→ Wn+1
commutes.
Remark 2.2. F IH -modules together with the above morphisms is an abelian category. Notions
such as kernel, cokernel, injection, and surjection are defined by pointwise. The direct sum and
tensor product also make sense. For example, let f = ( fn) : V →W be a morphism. (ker f )n is
defined by ker( fn) and the map from (ker f )n to (ker f )n+1 is the restriction of φn . The tensor
product V
⊗
W of two F IH -modules V = (Vn ,φn) and W = (Wn ,ψn) is defined by (V
⊗
W )n =
Vn
⊗
kWn and themap from (V
⊗
W )n to (V
⊗
W )n+1 is defined by φn⊗ψn .
Definition 2.3. Let W = (Wn)n≥0, where Wn is an Hn-module. Denote λm,n the composition
(m,n−m) form ≤ n. ThenWm will be an Hλm,n -module under the action Tσw = Tσ1σ2w = Tσ1w ,
where σ=σ1σ2 for σ1 ∈ S{1,2,...,m} and σ2 ∈ S{m+1,...,n−m} andw ∈Wm . We define a sequenceM(W ):
For n ≥ 0,
M(W )n :=
⊕
m≤n
(Hn
⊗
Hλm,n
Wm),
with the map φn : M(W )n →W (W )n+1 determined by h ⊗wm 7→ τ(h)⊗wm , where h ∈ Hn and
wm ∈Wm .
It is easy to check thatM(W ) is an F IH -module. IfW = (Wn)n≥0 satisfiesWm =Hm for somem
andWn = 0 for n 6=m, then we denoteM(W ) byM(m).
Let V = (Vn ,φn) be an F IH -module. Denote φn−1,m = φn−1φn−2 · · ·φm : Vm → Vn for 0 ≤m ≤
n−2 andφn−1,n−1 =φn−1. For a disjoint union S =
∞⊔
n=0
Sn , where Sn ⊆Vn . We define span(S)n to be
the submodule of Vn generated by
(n−1⋃
i=0
φn−1,i (Si )
)
∪Sn . And themap φ˜n : span(S)n→ span(S)n+1
is the restriction of φn . This makes span(S) to be an F IH -module.
Definition 2.4. We say that an F IH -module V is generated in degree ≤ n if V is generated by
elements of Vm form ≤ n. That is, span(
⊔
m≤nVm)=V .
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Definition 2.5. We say that an F IH -module V is finitely generated if there is a finite set S of the
disjoint union
⊔
Vn such that span(S)=V .
Definition 2.6. (Representation stability of consistent sequence) Let (Vn ,φn)n∈N be an F IH -
module. This sequence is called uniformly representation stable if there exists an integer N such
that for each with n ≥N , the following conditions hold:
• Injectivity: φn :Vn →Vn+1 is injective.
• Surjectivity: Vn+1 is generated by the image of φn .
• Multiplicities: Vn =
⊕
λ cλ,nS(λ)n , where the multiplicities cλ,n is independent of n.
This definitionof representation stability is in the sense of Church and Farb[1]. They introduced
the idea of representation stability for a sequence of representations of groups. An important result
in [2] is that a consistent sequence ofSn-representations is representation stable can be converted
to a finite generation property for an F I -module.
3. STABILITY DEGREE
In this section, we define the notions of stability degree, injective degree and surjective degree
for an F IH -module. For W = (Wn)n≥0, we will compute these numbers for the F IH -module
M(W ). The following lemma shows thatM(W ) is similar to the "free object".
Lemma3.1. If an F IH -module V = (Vn ,φn) is generated in degree≤ d, then there exists an epimor-
phism from
d⊕
i=0
M(Vi ) to V .
Proof. For every 0≤ n ≤ d ,Vn is a summandof (
d⊕
i=0
M(Vi ))n sinceM(Vn)n =Vn bydefinition. So the
functions from
( d⊕
i=0
M(Vi )
)
n to Vn are defined by projections. Now let n > d , then
( d⊕
i=0
M(Vi )
)
n =
d⊕
i=0
(
Hn
⊗
Hλi
Vi
)
. If vi ∈Vi for 0≤ i ≤ d , then fn(1⊗ vi )=φn−1 · · ·φi+1φi (vi ). The fact φn fn = fn+1
implies that f = ( fn)n≥0 is a morphism. From the construction of f and V is generated in degree
≤ d , we know f is an epimorphism. 
Given a ≥ 0 and an F IH -module V = (Vn ,φn), we define a sequence Φa(V ) as follows. Denote
byQn the subspace of Va+n spanned by {Tσv − v |σ ∈ S{a+1,a+2,...,a+n}v ∈Va+n} for n ≥ 0 and define
Φa(V )n := Va+n/Qn . Define the map T : Φa(V )n → Φa(V )n+1 by [v ] 7→ [φa+n(v)]. The map T is
well-defined since for Tσv −v ∈Qn , φa+n(Tσv −v)= Tσφa+n(v)−φa+n(v) ∈Qn+1.
Definition 3.2. If there exists a natural number s such that for all a ≥ 0, the map defined above is
an isomorphism for n ≥ s, then V is called to have stability degree s. If the map T is injective or
surjective, thenV is called to have injective degree s or surjective degree s. These facts are denoted
by stab-deg(V )
(
or inj-deg(V ), sur-deg(V )
)
= s.
The following lemma is about double cosets of symmetric group of two Young subgroups.
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Lemma 3.3. Given a ≥ 0. For n ≥ 0 and m ≤ a+n, let λn = (m,a+n−m) and µn = (1,1, . . . ,1,n)
be two compositions of a+n. Denote Dµn ,λn the representative elements of minimal length of the
double cosetsSµn\Sa+n/Sλn . ThenDµn ,λn ⊆Dµn+1,λn+1 and if n ≥m, the set Dµn ,λn is independent
of n.
Proof. By Lemma 1.7 in[4], there is a bijection from the set of row-standard tableaux in T (λn ,µn)
to Dµn ,λn . These row-stantard λn-tableaux of type µn are determined by the subset of {1,2, . . . ,a}
which is in the first row ofλn . Denote the number of the set of row-standard tableaux inT (λn ,µn)
by Tn . From the constructions of λn and µn , we have Tn ≤Tn+1. If σ ∈Dµn ,λn is the element of
minimal length in a double coset SµnσSλn , then σ’s length is also minimal in the double coset
Sµn+1σSλn+1 . We obtain that σ ∈Dµn ,λn implies σ ∈Dµn+1,λn+1 . If n ≥m, the number Tn is inde-
pendent of n. So we complete the proof of the lemma.

Lemma 3.4. AssumeW = (Wn)n≥0, whereWn is anHn-module for n ≥ 0. Then M(W ) has injective
degree 0; ifWi = 0 for all i >m, thenwe have surj-deg
(
M(W )
)
≤m. M(m) has injective degree 0 and
surjective degreem.
Proof. For α ∈Sa+n , there exist σ ∈Dµn ,λn , β ∈Sµn and γ ∈Sλn such that α = βσγ. According to
the lemma 1.6 in [4], these elements can be chosen to satisfy l (α) = l (β)+ l (σ)+ l (γ). So we have
Ha+n =
⊕
σ∈Dµn ,λn
(HµnTσHλn ).
Then by definition,M(W )a+n can be decomposed as
M(W )a+n =
⊕
m≤a+n
(Ha+n
⊗
Hλn
Wm)(3.1)
=
⊕
m≤a+n
( ⊕
σ∈Dµn ,λn
(HµnTσ
⊗
Hλn
Wm)
)
.(3.2)
The map φa+n :M(W )a+n →M(W )a+n+1 is the direct sum of the maps: Form ≤ a+n,σ ∈Dµn ,λn ,
HµnTσ
⊗
Hλn
Wm →Hµn+1Tσ
⊗
Hλn+1
Wm defined by hTσ⊗w 7→ τ(h)Tσ⊗w , where h ∈Hµn and
w ∈Wm . And so
Φa
(
M(W )
)
n =M(W )a+n/Qn(3.3)
∼=
⊕
m≤a+n
( ⊕
σ∈Dµn ,λn
(
(HµnTσ
⊗
Hλn
Wm)/Qn
))
(3.4)
∼=
⊕
m≤a+n
( ⊕
σ∈Dµn ,λn
(Tσ
⊗
Hλn
Wm)
)
.(3.5)
The map T : Φa(M(W ))n → Φa(M(W ))n+1 restricted in one factor in the above decomposition is
the identity. So we have obtained that the inj-deg(M(W ))= 0. IfWi = 0 for i >m and n ≥m, then
HµnTσ
⊗
Hλn
Wi = 0. So T is surjective for all n ≥m. We have proved the proposition.

From the above lemmawe have:
Corollary 3.5. The surjective degree of a consistent sequence is less than its generated degree.
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4. WEIGHT
Assume that q is not a root of unity, then the Hecke algebra Hn is semisimple and all the non-
isomorphic simpleHn-modules are indexed by all partitions λ⊢ n. For each partition λ, the cor-
responding irreducible module is denoted by Sλ. By the corollary 6.2 in [5], the branching rule
of Hecke algebra is the same as the classical branching rule for Sn-representations. The results
about the branching rule forSn-representations which stated in [2] are also true for the modules
of Hecke algebra. For λ⊢ n andm ∈N, write λ→ µ if µ is a partition of n+m such that [µ] is ob-
tained from [λ] by addingm boxes from different columns. We write that lemma of the branching
rule in the following:
Lemma 4.1. (The branching rule)[5] Let λ be a partition of n. Then
(1) Ind
Hn+m
Hn
⊗
Hm
Sλ ∼=
⊕
λ→µS
µ;
(2) (Res
Hn
Hn−m
⊗
Hm
Sλ)/Qm ∼=
⊕
µ→λS
µ.
Lemma 4.2. [2] Let λ be a partition of n and a ≤ n.
(1) S(λ)n/Qn−a = 0⇐⇒ n−a > n−|λ|.
(2) S(λ)n/Qn−|λ|
∼= Sλ.
(3) If n ≥ a+|λ|, then S(λ)n/Qn−a is independent of n.
(4) Let V be a consistent sequence with weight less or equal to d. If Wn/Qn−d = 0 for any sub-
quotientWn of Vn , thenWn = 0.
Definition 4.3. Let V be an F IH -module. We say a partition λ occurs in V , if there exists n ≥ 0,
S(λ)n occurs in theHn-moduleVn . The weight ofV is defined themaximumof |λ|which λ occurs
in V .
Lemma 4.4. For any partition λ⊢m, the F IH -module M(S
λ) has weight m.
Proof. By the definition of M(Sλ), M(Sλ)n =Hn
⊗
Hm,n−m
Sλ = IndSλ. So for any n ≥m+λ1, adding
n −m boxes in different columns we know the partition λ[n] occurs in M(Sλ). So the weight of
M(Sλ) is at least m. On the other hand, for any partition µ that occurs in M(Sλ)n satisfies µ1 ≥
n−m. If we write µ= ν[n] for some partition ν, then we have |ν| = n−µ1 ≤m. Then the weight of
M(Sλ) is at mostm. We thus complete the proof of this lemma. 
If V is generated in degree ≤ d , then the weight of V is less or equal to d by the above lemma.
Lemma 4.5. For any partition λ = (λ1,λ2, · · · ), the consistent sequence M(S
λ) has stability degree
λ1.
Proof. From our previous results, we know the stability degree ofM(Sλ) is less than or equal to |λ|
and we have:
(4.1) ΦaM(Sλ)n
∼=
⊕
σ∈Dµn ,λn
(
(HµnTσ
⊗
Hλn
Sλ)/Qn
)
,
where µn = (1,1, · · · ,1,n) and λn = (|λ|,a+n−|λ|).
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By Lemma3.3 and an easily computing, for σ∈Dµn ,λn there is some k ≤ |λ| such that:
σ−1Sµnσ∩S{1,2,...,|λ|} = S{|λ|−k+1,...,|λ|}.
For any w ∈ S{|λ|−k+1,··· ,|λ|}, there exists u ∈ Sµn such that w = σ
−1uσ ∈ σ−1Sµnσ∩ Sλn . Since σ ∈
Dµn ,λn , so l (σw)= l (σ)+ l (w) and l (uσ)= l (u)+ l (σ). Assume x is an element in S
λ, then we have:
[Tσ⊗Twx]= [Tσ(T
−1
σ TuTσ)⊗x]= [TuTσ⊗x]= [Tσ⊗x].
By Lemma4.2, for k > λ1, we know S
λ/Qk = 0. So the summands in the decomposition of (4.1) are
stable when n ≥ λ1. Since S
λ/Qλ1 6= 0, then T is not surjective for n = λ1−1. We have completed
the proof of the lemma.

5. NOETHERIAN PROPERTY
In this section we will study the Noetherian property of F IH -modules. Assume that F IH -
module V is finitely generated, then the degree of V is also finite. Conversely, let V have degree
≤ d . If in additionVn for n ≤ d is finitely generatedHn-modules, then V is finitely generated.
Definition 5.1. Given a ≥ 0. LetV = (Vn ,φn) be an F IH -module. We define an F IH -module S+aV
by (S+aV )n =Vn+a . As Hn-module, (S+aV )n is isomorphic to Res
Hn+a
Hn
Vn+a .
Lemma 5.2. Let m ≥ 1 and a ≥ 0. Then there exists a decomposition of S+aM(m):
S+aM(m)=M(m)⊕Ca ,
where Ca is finitely generated in degree≤m−1.
Proof. As we have computed in the previous sections:(
S+aM(m)
)
n =M(m)n+a(5.1)
=Ha+n
⊗
Hλn
Hm(5.2)
=
⊕
σ∈Dµn ,λn
(HµnTσ
⊗
Hλn
Hm),(5.3)
where µn = (1,1, · · · ,1,n) and λn = (m,a+n−m).
Let σ ∈D − {(1)}. There existsm′ ∈ {1,2, · · · ,m−1} such that σ−1Sµnσ∩Sm = S{m′+1,··· ,m}. Then
we can decompose Sm =
⊔
σ′∈D ′ S{m′+1,··· ,m}σ
′
Sm′ , where D
′ is the corresponding representative
elements of minimal length. So we have:⊕
σ∈Dµn ,λn
(HµnTσ
⊗
Hλn
Hm)= (Hµn
⊗
Hλn
Hm)
⊕( ⊕
σ∈Dµn ,λn−{(1)}
( ⊕
σ′∈D ′
(HµnTσTσ′
⊗
Hλn
Hm′)
))
(5.4)
∼=M(m)n ⊕Ca ,(5.5)
whereCa is finitely generated in degree ≤m−1. 
From the above lemma,we know the degree of S+aM(m) is finite and by lemma3.1,M(m) can be
replaced by an F IH -module with finite degree. Conversely, according to our definition of S+aV ,
we have
8 KUNWANG1, HAITAOMA2 AND ZHU-JUN ZHENG1
Lemma 5.3. Let V be a consistent sequence. If S+aV is of finite degree, then so is V .
Theorem 5.4. (Noetherian Property) Let V = (Vn ,φn) be finitely generated andW ⊆V . ThenW is
also finitely generated.
Proof. Suppose V is generated in degree m. By lemma3.1, V is a quotient of a finite direct sum
of M(mi ) for mi ≤ m. So we only need to prove M(mi ) satisfies the Noetherian property. Let
W ⊆M(m). Since the injective degree ofM(m) is zero, we can assume thatM(m)n ⊆M(m)n+1 for
alln. Since everyWn is finite dimensional, thenW has finite degree impliesW is finitely generated.
To show deg(W )<∞ it suffices to prove it for S+aW for some a.
By lemma 5.2, S+aM(m) can be decomposed as two summand, one of degree m. And so is
S+aW . Since the map φ|Wn :Wn →Wn+1 is injective, we can assumeWn ⊆Wn+1. For any a, Hm =
M(m)m is contained in S+aM(m)m , which is exactly the summand of degree m. Let W
a
m be the
summand of S+aWm . Then W
a
m ⊆W
a+1
m ⊆ Hm . Since Hm is finite dimensional, there exists N
such thatW Nm =W
N+1
m . For any a ≥ 0, W
N+a
m generatesW
N
m+a which implies thatW
N is finitely
generated. For the degree ≤ m − 1 of S+NW , we use induction which implies S+NW is finitely
generated of degree.

6. REPRESENTATION STABILITY
The following lemma shows that the representation stable range N < ∞ if the stability degree
and weight of an F IH -module are finite.
Lemma 6.1. Let V = (Vn ,φn) be an F IH -module with stability degree s and weight m. Then V is
uniformly representation stable with stable range n ≥ s+m.
Proof. Let φ′n :Hn+1
⊗
Hn
Vn →Vn+1.
In order to indicate the injective and surjectivity, that is to say kerφn = 0 and cokerφ
′
n = 0 for
n ≥ s+m, it suffices to prove kerφn/Qn−m = 0 and cokerφ
′
n/Qn+1−m= 0 by lemma4.2.
Since n−m ≥ s, the map T : Φm(V )n−m → Φm(V )n+1−m is bijective. Moreover, notice that the
following diagrams
Vn+1/Qn−m
T2
((◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
Vn/Qn−m
T1
77♦♦♦♦♦♦♦♦♦♦♦
T
// Vn+1/Qn+1−m
and
(Hn+1
⊗
Hn
Vn)/Qn+1−m
T ′2
**❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
Vn/Qn−m
T ′1
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦
T
// Vn+1/Qn+1−m
commute. So T1 is injective and T
′
2 is surjective. We have obtained that kerφn/Qn−m = 0 and
cokerφ′n/Qn+1−m = 0.
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Assume thatVn =
⊕
λ cλ,nS(λ)n , we need to show cλ,n is independent of n when n ≥ s+m. Since
the weight ofV ism, there is no λwith |λ| >m occurred inV . By lemma4.2, S(λ)n/Qn−m = 0 when
|λ| >m. So
Vn/Qn−m =
⊕
|λ|≤m
cλ,n
(
S(λ)n/Qn−m
)
(6.1)
=
⊕
|λ|<m
cλ,n
(
S(λ)n/Qn−m
)⊕( ⊕
|λ|=m
cλ,n
(
S(λ)n/Qn−m
))
(6.2)
=
⊕
|λ|<m
cλ,n
(
S(λ)n/Qn−m
)⊕
(
⊕
|λ|=m
cλ,nS
λ).(6.3)
Because n−m is great or equal to the stability degree and for the first term of the above decompo-
sition applies the induction, we obtain cλ,n is independent of n.

Nowwe state and prove ourmain theorem about representation stability associated with Hecke
algebra.
Theorem 6.2. An F IH -module V = (Vn ,φn) is finitely generated if and only if the sequence (Vn ,φn)
is uniformly representation stable and each Vn is finite-dimensional.
Proof. Assume V is uniformly stable with range N . Because of the surjectivity of V , we have Vn =
span(imφn−1)n for all n−1≥N . So span(
⊔N
n=0Vn)=V and together with the finite-dimensional
imply thatV is finitely generated.
For the converse, by proposition 6.1, we only need to show V has finite stability degree and
weight. According to corollary 3.5, the surjective degree is finite. Assume that V is generated in
degree≤ d . There exists an epimorphism g :M→V , whereM =M(W ) for someW = (Wn)n≥0. Let
K be the kernel of g . By corollary5.4,K is also finitely generated and so finite surjective degree, say
s.
For given a ≥ 0. For any n ≥ s, we have the following commutative diagram:
0 −−−−→ Φa(K )n −−−−→ Φa(M)n −−−−→ Φa(V )n −−−−→ 0
T2
y T1y Ty
0 −−−−→ Φa(K )n+1 −−−−→ Φa(M)n+1 −−−−→ Φa(V )n+1 −−−−→ 0
By the Snake Lemma we have an exact sequence:
kerT1 // kerT // cokerT2 // cokerT1 // cokerT // 0 .
So kerT1 = 0 and cokerT2 = 0 imply kerT = 0. This shows the injective degree of V is finite. We
thus have completed the proof.

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